Magnetic Induction (MI) is an efficient wireless communication method to deploy operational internet of underground things (IOUT) for oil and gas reservoirs. The IOUT consists of underground things which are capable of sensing the underground environment and communicating with the surface. The MI-based IOUT enable many applications, such as monitoring of the oil rigs, optimized fracturing, and optimized extraction. Most of these applications are dependent on the location of the underground things and therefore require accurate localization techniques. The existing localization techniques for MI-based underground sensing networks are two-dimensional and do not characterize the achievable accuracy of the developed methods which are both crucial and challenging tasks. Therefore, this paper presents the expression of the Cramer Rao lower bound (CRLB) for three-dimensional MI-based IOUT localization which takes into account the channel parameters of the underground magnetic-induction. The derived CRLB provide the suggestions for an MI-based underground localization system by associating the system parameters with the error trend. Numerical results demonstrate that localization accuracy is affected by different channel and networks parameters such as the number of anchors, noise variance, frequency, and the number of underground things.
I. INTRODUCTION
According to the report of the international energy agency (IEA), the energy needs of the world is expected to escalate by 40 % in 2030 (see Fig. 1 ) [1] . This ever-increasing demand for energy constitutes 20 % and 50 % escalation from the oil and gas industries respectively. However, the operating environment of the oil and gas industries is challenging to fulfill this inexorable demand for energy [2] . One of the primary challenges of the underground oil and gas reservoirs is to obtain their real-time information. This challenge can be addressed by using internet of underground things (IOUT) which can optimize the production of oil and gas, monitor the flow of oil and gas, and can monitor the reservoir [3] . The IOUT based intelligent oil and gas fields can improve the accuracy, integrity, and timeliness of the production process [4] .
Although IOUT enable multiple applications for underground oil and gas reservoirs, the challenging underground environment prevents the use of conventional terrestrial wireless communication systems. Therefore, magnetic-induction (MI) has emerged as a promising wireless communication technology to develop practical underground sensing systems [5] - [10] . MI uses time-varying magnetic fields to transmit the information in the underground environment. MI provide reliable and long-range communication in the underground environment as compared to its counterpart electromagnetic waves (EM) [11] . The performance of the EM in the underground is profoundly affected by properties of the subsurface environment such as soil structure, underground medium (soil, water, sand, etc.), and water contents [12] . However, all these impediments cause less attenuation to the MI-based communication systems. Besides, the EM-based systems require large size antennas for communication which is impractical for the underground environment. Hence, MI-based systems are more practical because it rely on tiny size coil antennas. Subsequently, efforts have been made in the recent past to develop MI-based underground sensing systems. However, most of the applications of the underground sensing systems such as monitoring of oil rig, optimized fracturing, and collecting of geo-tagged sensing data, require location information of the deployed sensors (underground things) [11] , [13] . Therefore, the authors in [13] have proposed a localization scheme for underground sensing which utilizes the magnetic induction channel for distance estimation. The authors have used semi-definite programming (SDP) relax-ation method for the distance estimation whereas the sensor nodes position is estimated by leveraging alternating direction augmented Lagrangian method (ADM) and conjugate gradient (CG) technique. The proposed solution in [13] is for twodimensional underground sensing network while the threedimensional (3D) nature of the underground environment requires 3D localization which is more challenging. Moreover, the existing localization solutions do not consider the achievable accuracy for MI-based underground sensing systems which is a crucial design parameter for any positioning system. Therefore, motivated by the above challenges, we present in this article the theoretical accuracy limits for threedimensional (3D) MI-based IOUT. The major contributions of the paper are summarized as follows:
• A realistic 3D architecture of MI-based IOUT is presented for oil and gas reservoirs. • A closed form expression for the Cramer Rao Lower bound (CRLB) is derived for 3D MI-based IOUT localization. The derived lower bound is useful to compare the results of different MI-based underground localization systems. • Numerical results to evaluate the performance of the derived localization bound concerning different channel and network parameters such as range measurement errors, network size, and number of anchors for MI-based IOUT. The remainder of the paper is organized as follows. In section II and III, we present the related work and system model respectively. Section IV introduces the formulation of the CRLB for MI-based IOUT localization. In section V, we provide numerical results to validate the theoretical analysis. Finally, section VI concludes the paper.
II. RELATED WORK
The literature on localization techniques for terrestrial and underwater wireless networks is rich. In [14] and [15] classification of localization techniques for terrestrial and marine wireless networks is presented respectively where the localization schemes are categorized based on the type of computation (centralized/distributed), ranging technique (rangebased/range-free), and space (2D/3D). However, the research work on the development of localization systems for the underground environment is limited due to numerous challenges such as non-availability of global positioning system (GPS) signals, high attenuation of radio frequency (RF) and electromagnetic (EM) waves, light-less environment, and narrow operational area. Even though localization techniques for GPS-denied environment such as underwater or indoor have been well developed, it is hard to apply those techniques to underground localization [3] . Both underwater and indoor localization techniques are based on either RF, acoustic, or optical signals. However, the subsurface environment does not support the use of these signals, and therefore the localization techniques developed for the underwater or indoor environment cannot be directly applied. Thus, a two-dimensional (2D) localization technique has been proposed in [13] for MI-based sensing networks. The authors in [13] have introduced the use of MI induction for channel based distance estimation where However, in sparse underground sensing networks the connectivity of the network is limited due to the short transmission distance of MI communication. Hence, localization of the underground things is challenging due to the limited connectivity, directionality of MI coils, interference from the Earths magnetic field and underground metals [16] - [18] . Hence, in [11] the authors have investigated one of the challenges mentioned above, i.e., the impact of minerals and rocks on the MI-based underground localization. Attenuation properties have been estimated for different mediums in the underground which significantly affects the performance of the localization techniques.
All of the above works do not characterize the achievable accuracy of the developed MI-based localization techniques for underground sensing networks which is a crucial and challenging task. In the past, the estimation bounds for the time of arrival [19] , [20] , the angle of arrival [21] , time difference of arrival [22] , and received signal strength [23] based localization techniques have been investigated. Subsequently, these findings have opened the door for developing accurate and robust localization algorithms. Therefore, we expect the same for our proposed lower bound for MI-based IOUT. The performance of the localization techniques is characterized by the CRLB which is a non-linear estimation problem. Different CRLB analysis exists in the literature which not only depends on the ranging method but also depend on the other parameters such as multipath effect, number of anchors, and network type (single hop or multi-hop) [24] - [26] . Due to the simplicity and generic expressions of the CRLB, it is an attractive analyzing tool for localization systems. Therefore, in this paper, we derive the expression of the CRLB for MI-based IOUT localization which takes into account the channel parameters of the underground magnetic-induction. The derived CRLB provide the suggestions for an MI-based underground localization system by associating the system parameters with the error trend.
III. SYSTEM MODEL
In this section, we first introduce the 3D architecture for MIbased IOUT. Then the wireless propagation model is presented for the distance estimation.
A. MI-based IOUT Setup
We consider the conventional network setup for 3D MIbased IOUT which consists on N number of underground things and M number of anchor nodes as shown in Fig. 2 . The underground things are injected into the oil reservoir by using hydraulic fracturing [27] , [28] . The underground things are uniformly distributed, and their positions are denoted by
represents the 3D position of the i-th underground thing. As anchor nodes are necessary to find the position of the underground things, we assume that the anchor nodes are attached to the fracturing well with known positions {s j } M j=1 where s j = {x j , y j , z j } is the 3D position of the j-th anchor. The anchor nodes use large dipole antennas to communicate with the underground things by using the MI communication link. Hence, the downlink is a single hop channel while the underground things use multi-hop channel for the uplink transmission due to their limited range. We also assume that the anchor nodes have higher transmission range as they can be attached to the external power sources [27] . The underground things can communicate to close by underground things and the anchors by using magnetic induction. Based on the above network setup the problem of localization is defined as, to estimate the unknown location of underground things for a given set of anchors and estimated MI-based distances.
B. MI-based Underground Distance Estimation
The information exchange between the transmitting node and the receiving node in MI-based IOUT is accomplished by using a time-varying magnetic field which is produced by the modulated sinusoidal signal from the transmitter coil antenna. The time-varying magnetic field induces current at the receiver coil antenna which is demodulated to retrieve the information. Fig. 3 shows a realization of an MI-based transceiver. Consider that the current in the transmitting coil is I = I 0 e −jωt , where I 0 is the direct current, ω is the angular frequency, and t is the instantaneous time. This current can then induce current in the nearby coil by the phenomena of mutual induction. However, a single coil cannot guarantee to receive an MI signal if the n1 n2 Fig. 4 : Tri-directional MI communication receiving coil is not well coupled with the transmitting coil. Therefore, in the harsh underground environment, we assume the tri-directional coil receiver structure proposed in [9] for receiving strong MI signal (see Fig 4) . Based on the magnetic induction, the relationship between the transmit and received power at high frequency f and large number of transmitter coil turns N t is given in [29] as
where ω is the angular frequency, µ is the permeability of soil, P ti is the transmit power, N rj is the number of turns in the receiver coil, r ti and r ri are the diameters of the transmitter and receiver coil respectively, α ij is the angle between the axes of the transmitter and receiver coils, R 0 is the resistance of a unit length loop, and d ij = s i − s j is the distance between the transmitter and the receiver coil. It is worthy to note that the received power expression in (1) has been experimentally validated in [9] . Additionally, the received power is affected by background noise b ij which is modelled as zero mean Gaussian random variable with variance σ 2 ij [9] . The probability density function (PDF) of the noisy received powerP rj is written as
IV. ACHIEVABLE ACCURACY OF MI-BASED IOUT LOCALIZATION
The achievable accuracy of any localization technique can be characterized by using the unbiased estimator, i.e., the CRLB. Therefore, in this section we derive the closed form expression for the MI-based IOUT localization. The derivation of the CRLB consists of the following steps.
1) Log-likelihood Ratio Calculation:
The log-likelihood ratio is calculated from the PDF in (2) which is written as
The joint log-likelihood ratio for all the underground things is given as
2) Computation of the Fisher Information Matrix: Fisher information matrix (FIM) tells us about how much information (localization accuracy) can be achieved from the noisy received power [30] . The FIM constitutes of sub-matrices for the three-dimensional location estimation given as
The elements of the sub-matrices in FIM are derived from the second order derivatives of the log-likelihood function defined in (4) . The elements of the sub-matrices are calculated as
and
respectively. The non-diagonal elements are given as
where E(·) is the expectation operator. To derive the diagonal elements of each sub-matrix, we put the value of P rj in (6) to (11) and solve it. Expression for the diagonal elements are obtained in Appendix A as follows
where k = . Similarly solving (12) to (17) for the non-diagonal elements yields
Substituting the values of (18) to (29) in (5) completes the FIM.
3) Cramer Rao Lower Bound: Finally the CRLB is calculated from the inverse of the FIM which is given as
Thus, we have developed a generalized CRLB for MI-based IOUT which is the function of different channel and network parameters such as operating frequency, number of turns of the coils, radius of the coils, transmit power, noise variance, number of anchors, and number of underground things. The derived CRLB provide the suggestions for an MI-based underground localization system by associating the channel and network parameters with the error trend.
V. NUMERICAL RESULTS
In this section, we provide numerical results to validate the derived CRLB in a practical 3D oil reservoir setup. The performance of the CRLB for MI-based IOUT is tested under various network settings. Table I presents the simulation parameters which are taken mainly from [13] . In the following, first, we examine the effect of operating frequency, noise variance, and the number of anchors on the performance of the CRLB. Then, we evaluate the performance regarding the number of turns of the coils, coils size, and transmit power. Fig. 6 shows that increasing the number of turns of the coils improve the localization accuracy. However, increasing the number of turns of the coil may increase the size of the coil where the small size of fracturing well requires small size coils. Therefore, in Fig. 7 , we have investigated the impact of coil size on the performance of the CRLB. It is clear from Fig. 7 that for a given ranging error variance the accuracy of the CRLB improves with the increase in the coil size from 0.01 m to 0.04 m. It is worthy to note here that the coil design parameters such as the number of turns and coil size need to be adjusted based on the results in Fig. 6 and Fig. 7 to achieve a certain localization accuracy.
Finally, we evaluate the performance of the derived CRLB for MI-based IOUT regarding the transmit power. The transmit power of commercially available coils for MI communications varies from 100 mW (20 dBm) to 200 mW (23 dBm). Therefore, we kept the range of 20-23 dBm for the transmit power with the different type of coils. Fig. 8 shows that increasing the transmit power improves the accuracy of the CRLB for a given type of coil.
According to the above results, the CRLB is the function of MI-based channel and network parameters. Therefore, all these parameters should be taken into account to develop a robust and accurate MI-based IOUT localization system. In this paper, we derived the CRLB for three-dimensional localization of MI-based IOUT. We examined the effects of numerous parameters such as the number of anchors, operating frequency, coil size, number of turns in the coil, ranging error, and transmit power on the derived lower bound. Subsequently, we found out from our analysis that increasing the number of anchors improves the localization accuracy. Moreover, increasing the operating frequency increases the lower bound. Conversely, increasing the number of turns in the coil or reducing the size of the coil reduces the lower bound. Furthermore, the effect of transmitting power is evaluated which shows that an increase in transmit power reduces the CRLB. The analysis and findings of this paper should open the door for designing efficient localization algorithms for MIbased IOUT.
APPENDIX A DERIVATION OF THE ELEMENTS FOR THE FIM
Using the PDF in (3) the partial derivatives are calculated as
Putting the value of P rj in (31) yields
Taking the partial derivative of (32) with respect to x i yields
Now the second-order partial derivative of (34) results in
Now using the fact that E(P rj ) = P rj , (34) is simplified as
Similarly, the other terms can be easily obtained as follows 
The non-diagonal terms can also be obtained in the similar fashion. Finally all these derived elements complete the FIM for the CLRB.
